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Motivation & Definition

Robust Stability: Consider
z = Az + Ew, z(0) =z9 € R",
with A Hurwitz, and external disturbance w

Recall the solution (x(t), t € Rx>q)

t
z(t) = eAtz(0) +/ A7) Bu(r)dr
0
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Motivation & Definition

Robust Stability: Consider
z = Az + Ew, z(0) =z9 € R",
with A Hurwitz, and external disturbance w

Recall the solution (x(t), t € Rx>q)
t
z(t) = eAtx(O) +/ 6A(t_T)E’w(T)dT
0
We can calculate/estimate the impact of the disturbance:
t
j2(0)] < [e*'2(0)| + ’/ A=) Bu(r)dr
0
t
< [ereflzr+ [ fere=
0
< HeAtH|x(0)| + <||E||/ HEAT
0

£ |w(r)|dr

d‘l‘) esssup|w(T)|
>0

C.M. Kellett & P. Braun Introduction to Nonlinear Control

(Ch. 7) Input-to-State Stability

2/7



Motivation & Definition
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0
t
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2(8)] < [[e]| 120} + Aol -

C.M. Kellett & P. Braun Introduction to Nonlinear Control

(Ch. 7) Input-to-State Stability

2/7



Motivation & Definition

Robust Stability: Consider This bound consists of two components:
&= Az + Ew, =z(0)=mzo € R", @ a transient bound; the decaying effect of the initial
state = (0
with A Hurwitz, and external disturbance w ,( ) .
@ an estimate of the worst-case or largest input
Recall the solution (x(t), t € Rx>q) disturbance, w, that impacts the system.

t
z(t) = eAtx(O) +/ 6A(t_T)E’LU(T)dT
0
We can calculate/estimate the impact of the disturbance:
t
j2(0)] < [e*'2(0)| + ’/ A=) By (r)dr
0
t
< [ereflzr+ [ fere=
0
< et flaon + (e |~ e
0

If we define v = ||E|| [5° ||leA7]| dr, then

£ |w(r)|dr

dT) ess sup|w(7)|
T7>0

j2(8)] < [[e*]|12(0)] + Al -
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z(t) = etz (0) + /Ot A7) Bu(r)dr
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t
< HeAtH |ac(0)|+/O HGA(M)
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j2(8)] < [[e*]|12(0)] + Al -
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This bound consists of two components:

@ atransient bound; the decaying effect of the initial
state z(0)

@ an estimate of the worst-case or largest input
disturbance, w, that impacts the system.

Input-to-state stability (ISS) for nonlinear systems:
z = f(z,w), =z(0)=xz9 € R"
with w : R>¢ — R™. The set of allowable input functions
W = {w : R>¢ — R™| w essentially bounded}.

Definition (Input-to-state stability)

The system is said to be input-to-state stable (ISS) if there
exist 8 € KL and v € K such that solutions satisfy

lz(®)] < B(1z(0)[,¢) + v (lwllzo.)
forallz € R™, w € W, and t > 0.

e vy € K: ISS-gain; e 5 € KL: transient bound.
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Motivation & Definition

This bound consists of two components:
@ a transient bound; the decaying effect of the initial

state z(0) 3
@ an estimate of the worst-case or largest input \ — =)
disturbance, w, that impacts the system. 2.5 \ —(llwlley) 1
Input-to-state stability (ISS) for nonlinear systems: \ — Bz, t) +v(Jwlc.)
&= f(zw), 2(0)=xo€R" 21\
with w : R>o — R™. The set of allowable input functions 15| \\ |
W = {w: R>¢ — R™| w essentially bounded}. [
1 ]
Definition (Input-to-state stability)
The system is said to be input-to-state stable (ISS) if there 05
exist 8 € KL and v € K such that solutions satisfy
le(®)] < B(2(0)],8) + 7 (lwlc..) % 5 10
forallz € R®, w € W, and t > 0. t

e vy € K: ISS-gain; e 3 € KL: transient bound.
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This bound consists of two components:

@ atransient bound; the decaying effect of the initial For linear systems we can conclude that:
state z(0)

@ an estimate of the worst-case or largest input
disturbance, w, that impacts the system.

Input-to-state stability (ISS) for nonlinear systems:
z = f(z,w), =(0)=z0 € R"
with w : R>q — R™. The set of allowable input functions

@ A Hurwitz is sufficient for the system to be ISS.
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Motivation & Definition

This bound consists of two components:

@ a transient bound; the decaying effect of the initial
state z(0)

@ an estimate of the worst-case or largest input
disturbance, w, that impacts the system.

Input-to-state stability (ISS) for nonlinear systems:
z = f(z,w), =z(0)==x9 € R"
with w : R>o — R™. The set of allowable input functions
W = {w : R>o — R™| w essentially bounded}.

Definition (Input-to-state stability)

The system is said to be input-to-state stable (ISS) if there
exist 8 € KL and v € K such that solutions satisfy

[z(@®)] < B(|z(0)[,t) + v (lwllzo.)
forallz € R®, w € W, and t > 0.

For linear systems we can conclude that:
@ A Hurwitz is sufficient for the system to be ISS.

Example
Consider the nonlinear/bilinear system:
T =—x+ zw.
@ The system is 0-input globally asymptotically stable
since w = 0 implies &+ = —z and so z(t) = z(0)e~?

@ However, consider the bounded input/disturbance
w = 2. Then ¢ = x and so z(t) = z(0)et.

@ Consequently, it is impossible to find 8 € KL and
~v € K such that

|z(6)| = [z(0)le* < B(|z(0)],) +~(2).

e vy € K: ISS-gain; e 3 € KL: transient bound.
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Lyapunov Characterizations

Definition (Input-to-state stability)

& = f(x,w) is said to be input-to-state stable (ISS) if there
exist 8 € KL and v € K such that solutions satisfy

[z()] < B(|z(0)],1) + (lwllzo)
forallz € R™, w € W,and t > 0.

Theorem (ISS-Lyapunov function)

& = f(x,w) is ISS if and only if there exist a continuously
differentiable function V' : R™ — R>q and
ai,az,as3,0 € Koo Such thatV x € R™,V w € R™

a1(lz]) < V(z) < ax(lz])
(VV(2), f(z,w)) < —az(|z]) + o (|w]).
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Lyapunov Characterizations

Definition (Input-to-state stability)

& = f(x,w) is said to be input-to-state stable (ISS) if there
exist 8 € KL and v € K such that solutions satisfy

[z()] < B(|z(0)],1) + (lwllzo)
forallz € R™, w € W,and t > 0.

Theorem (ISS-Lyapunov function)

& = f(x,w) is ISS if and only if there exist a continuously
differentiable function V' : R™ — R>q and
ai,az,as3,0 € Koo Such thatV x € R™,V w € R™
ar(lz]) < V(z) < aa(|z))
(VV(2), f(z,w)) < —as(|z]) + o(|w]).

Example
Consider

z = f(z,w) = —z — 23 + 2w, z(0) =z0 €R
The candidate ISS-Lyapunov function V' (z) = %xQ

satisfies

(VV (), f(z,w)) = (z,—x — z° + zw)

= g2 —z* +:c2w

How to proceed here ... ?
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Lyapunov Characterizations & Young’s Inequality

Example

Consider
&= f(zx,w) = -z —z> +zw, x(0)=2z9€R
The candidate ISS-Lyapunov function V' (z) = %xz
satisfies
(VV (), f(z,w)) = (z, —x — x5 + zw)

=—z2—z* +12w
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Lyapunov Characterizations & Young’s Inequality

Example

Consider
& = f(z,w) =—2— 2%+ zw, z(0) =29 €R
The candidate ISS-Lyapunov function V' (z) = %xz
satisfies
(VV(z), f(z,w)) = (&, —z — &® + zw)

=—z2—z* -I—me

Detour....
Lemma (Young’s inequality)

Letp,q € Rsg such that% + % = 1. Then for any
z,y € R™ the inequality
T 1P o+ Lyla
2Ty < Lol + Lpy|

is satisfied.

Application: Let p = g = 2, > 0, a,b € R™. Then

2
a”b = (ea)"(1b) < Flal® + 25 [b?

C.M. Kellett & P. Braun Introduction to Nonlinear Control (Ch. 7) Input-to-State Stability

5/7



Lyapunov Characterizations & Young’s Inequality

Example

Consider

&= f(zx,w) = -z —z> +zw, x(0)=2z9€R

The candidate ISS-Lyapunov function V' (z) = %xz

satisfies

(VV(2), f(z,w)) = (z, ~z — 2° + zw)

2

= =47 —x4+12w

IN

_ .2 _ 1.4
= =4 2m+

1
Ew

_x2_$4+%x4+

2

1
Ew

2
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Lyapunov Characterizations & Young’s Inequality

Example

Consider
& = f(z,w) =—2— 2%+ zw, z(0) =29 €R
The candidate ISS-Lyapunov function V' (z) = %xz
satisfies
(VV(z), f(z,w)) = (&, —z — &® + zw)

=—z2—z* +12w

IN

—x2—w4+%x4+%w2
_ .2 1.4, 1 2
=—x" — 3z + 5w

Define a(s) = s2 + %84 and o(s) = 152, Then

V(z) < —af|zl) + o (lw])

i.e., V is an ISS-Lyapunov function and the system is ISS.
v

Detour....
Lemma (Young’s inequality)

Letp,q € R>g such that% + % = 1. Then for any
z,y € R™ the inequality
T 1P o+ Liyla
2Ty < Lol + Lpy|

is satisfied.
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Lyapunov Characterizations & Young’s Inequality

Example

Consider
&= f(z,w) = -z —a° +zw, z(0)==z0€R
The candidate ISS-Lyapunov function V' (z) = %xz
satisfies
(VV(z), f(z,w)) = (&, —z — &® + zw)

=—2? — o2 + 22w

S—x2—x4+%x4+%w2
_ .2 _ 1.4, 1 2
= =4 5T +2w

Define a(s) = s + $s% and o(s) = 152, Then

V(z) < —af|zl) + o (lw])

i.e., V is an ISS-Lyapunov function and the system is ISS. )

~ Observe that ¢ = —z — 23 + zw is ISS while
& = —x + zw is not ISS (even though the linearizations are
the same)

Detour....
Lemma (Young’s inequality)

Letp,q € R such that% + % = 1. Then for any
z,y € R™ the inequality
T 1.0 o 109
2Ty < LjlP + Liy|

is satisfied.

Application: Letp = ¢ =2, > 0, a,b € R™. Then

2
ab= (sa)T(%b) < 57\a|2 + 2%2|b|2
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Application: System Interconnection

Consider

&1 = fi(z1,w1)
&2 = fa(z2,w2)

wy = k(x2)

1 = fi(z1,w1) ————P

@1 = fi(z1,w1)

If system 1 and system 2 are ISS
@ is the cascade interconnection ISS?

@ is the feedback interconnetion ISS?

T2

&2 = fo(z2,w2) ——"P>

————————p| i2 = fo(z2, w2)

2

k(z2) |«
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